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• Inverting amplifier
• Integrator
• Differentiator
• Appendix: BP filter and white noise

Outline 3
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Review

• LP filter noise transfer:

𝑛𝑛2 = 𝐺𝐺2𝑆𝑆𝑖𝑖𝑖𝑖
𝜋𝜋
2
𝑓𝑓𝑝𝑝𝑝𝑝

• BP filter noise transfer:

𝑛𝑛2 = 𝐺𝐺2𝑆𝑆𝑖𝑖𝑖𝑖
𝜋𝜋
2
𝑓𝑓𝑝𝑝𝑝𝑝 − 𝑓𝑓𝑝𝑝𝑝𝑝

≈ 𝐺𝐺2𝑆𝑆𝑖𝑖𝑖𝑖
𝜋𝜋
2
𝑓𝑓𝑝𝑝𝑝𝑝

(see Appendix)

4

� 𝑑𝑑𝑑𝑑

log 𝑓𝑓
𝑓𝑓𝑝𝑝𝐻𝐻

𝐺𝐺

𝑓𝑓𝑝𝑝𝐿𝐿
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Inverting amplifier

• 𝑅𝑅1 = 1 kΩ, 𝑅𝑅2 = 100 kΩ
• 𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 10 MHz

• 𝑆𝑆𝑉𝑉 = 10 nV/ Hz

• 𝑆𝑆𝐼𝐼 = 10 pA/ Hz

1. Find the total output noise

5

𝑉𝑉𝑜𝑜

𝑅𝑅2𝑅𝑅1
‒

+
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𝑹𝑹𝟏𝟏 noise

𝑉𝑉𝑜𝑜 = −
𝑅𝑅2
𝑅𝑅1
𝑉𝑉𝑛𝑛𝑛

𝑆𝑆𝑉𝑉𝑜𝑜 =
𝑅𝑅2
𝑅𝑅1

2

𝑆𝑆𝑉𝑉

𝑉𝑉𝑜𝑜2 = �𝑆𝑆𝑉𝑉𝑜𝑜𝑑𝑑𝑑𝑑

Total output noise diverges ⇒ we need to 
consider the true high-frequency transfer!

6

𝑉𝑉𝑜𝑜

𝑅𝑅2𝑅𝑅1
‒

+

𝑉𝑉𝑛𝑛𝑛
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Gain

𝐺𝐺𝑂𝑂𝑂𝑂 = −𝐴𝐴 𝑠𝑠
𝑅𝑅2

𝑅𝑅1 + 𝑅𝑅2
≈ −𝐴𝐴 𝑠𝑠

|𝐺𝐺| =
𝑅𝑅2/𝑅𝑅1

1 + 𝑠𝑠𝜏𝜏𝑝𝑝
1

2𝜋𝜋𝜏𝜏𝑝𝑝
= 105 Hz

𝑉𝑉𝑜𝑜2 = 4𝑘𝑘𝐵𝐵𝑇𝑇𝑅𝑅1
𝑅𝑅2
𝑅𝑅1

2 𝜋𝜋
2
𝑓𝑓𝑝𝑝

≈ 2.59 × 10−8 V2

7

𝐺𝐺𝑂𝑂𝑂𝑂 𝑠𝑠 ≈ 𝐴𝐴(𝑠𝑠)

𝐺𝐺(𝑠𝑠) 𝐺𝐺𝑖𝑖𝑖𝑖(𝑠𝑠)

� 𝑑𝑑𝑑𝑑

log 𝑓𝑓
𝑓𝑓𝑝𝑝 = 105

𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 107

40
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𝑹𝑹𝟐𝟐 noise 8

𝑉𝑉𝑜𝑜

𝑅𝑅2𝑅𝑅1
‒

+

𝑉𝑉𝑛𝑛𝑛

𝑉𝑉𝑜𝑜 = 𝑉𝑉𝑛𝑛𝑛 ⇒ 𝑆𝑆𝑉𝑉𝑜𝑜 = 𝑆𝑆𝑉𝑉

𝑉𝑉𝑜𝑜

𝑅𝑅2𝑅𝑅1
‒

+

𝑉𝑉𝑛𝑛𝑛

𝐺𝐺𝑂𝑂𝑂𝑂 = −𝐴𝐴 𝑠𝑠
𝑅𝑅1

𝑅𝑅1 + 𝑅𝑅2
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Gain

𝐺𝐺𝑂𝑂𝑂𝑂 ≈ −𝐴𝐴 𝑠𝑠
𝑅𝑅1
𝑅𝑅2

𝐺𝐺 =
1

1 + 𝑠𝑠𝜏𝜏𝑝𝑝
1

2𝜋𝜋𝜏𝜏𝑝𝑝
= 𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺

𝑅𝑅1
𝑅𝑅2

= 105 Hz

𝑉𝑉𝑜𝑜2 = 4𝑘𝑘𝐵𝐵𝑇𝑇𝑅𝑅2
𝜋𝜋
2
𝑓𝑓𝑝𝑝

≈ 2.59 × 10−10 V2

(smaller than 𝑅𝑅1 noise)

9

𝐺𝐺𝑂𝑂𝑂𝑂 𝑠𝑠 ≈ 𝐴𝐴(𝑠𝑠)
𝑅𝑅1
𝑅𝑅2

𝐺𝐺(𝑠𝑠) 𝐺𝐺𝑖𝑖𝑖𝑖(𝑠𝑠)

� 𝑑𝑑𝑑𝑑

log 𝑓𝑓
𝑓𝑓𝑝𝑝 = 105

0
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OpAmp voltage noise

𝑉𝑉𝑜𝑜 = 𝑉𝑉𝑛𝑛
𝑅𝑅1 + 𝑅𝑅2
𝑅𝑅1

The pole added by the OA is always
at 𝑓𝑓𝑝𝑝 = 100 kHz (0dB frequency of 
𝐺𝐺𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙)

𝑉𝑉𝑜𝑜2 = 𝑆𝑆𝑉𝑉
𝑅𝑅1 + 𝑅𝑅2
𝑅𝑅1

2 𝜋𝜋
2
𝑓𝑓𝑝𝑝

≈ 1.59 × 10−7 V2

10

𝑉𝑉𝑜𝑜

𝑅𝑅2𝑅𝑅1
‒

+
𝑉𝑉𝑛𝑛
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OpAmp current noise

𝑉𝑉𝑜𝑜 = 𝐼𝐼𝑛𝑛𝑅𝑅2

𝑉𝑉𝑜𝑜2 = 𝑆𝑆𝐼𝐼𝑅𝑅22
𝜋𝜋
2
𝑓𝑓𝑝𝑝

≈ 1.57 × 10−7 V2

The total output noise is

11

𝑉𝑉𝑜𝑜

𝑅𝑅2𝑅𝑅1
‒

+𝐼𝐼𝑛𝑛

𝑉𝑉𝑜𝑜2 = 2.59 × 10−8 + 2.59 × 10−10 + 1.59 × 10−7 + 1.57 × 10−7

≈ 3.42 × 10−7 V2 ⇒ 𝑉𝑉𝑜𝑜2 = 0.58 mV
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Current source shift theorem 12

𝐼𝐼
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Example: 𝑹𝑹𝟐𝟐 noise 13

𝑉𝑉𝑜𝑜

𝑅𝑅2𝑅𝑅1
‒

+

𝐼𝐼𝑛𝑛𝑛

𝑉𝑉𝑜𝑜

𝑅𝑅2𝑅𝑅1
‒

+ 𝐼𝐼𝑛𝑛𝑛𝐼𝐼𝑛𝑛𝑛
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𝑹𝑹𝟏𝟏, 𝑹𝑹𝟐𝟐, OpAmp current noise 14

𝑉𝑉𝑜𝑜

𝑅𝑅2𝑅𝑅1
‒

+
𝐼𝐼𝑛𝑛

𝑆𝑆𝐼𝐼𝑛𝑛 =
4𝑘𝑘𝐵𝐵𝑇𝑇
𝑅𝑅1

+
4𝑘𝑘𝐵𝐵𝑇𝑇
𝑅𝑅2

+ 𝑆𝑆𝐼𝐼

𝑉𝑉𝑜𝑜2 = 𝑆𝑆𝐼𝐼𝑛𝑛𝑅𝑅2
2 𝜋𝜋

2
𝑓𝑓𝑝𝑝

≈ 1.83 × 10−7 V2

Many contributions can be grouped into a single noise current
source
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• Inverting amplifier
• Integrator
• Differentiator
• Appendix: BP filter and white noise

Outline 15



Alessandro Spinelli – Electronics 96032

Integrator

• 𝑅𝑅 = 1 kΩ, 𝑅𝑅𝑐𝑐 = 1 MΩ
• 𝐶𝐶 = 160 nF
• 𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 2 MHz

• 𝑆𝑆𝑉𝑉 = 10 nV/ Hz

• 𝑆𝑆𝐼𝐼 = 10 pA/ Hz

1. Find the total output noise

16

‒

+
𝑅𝑅

𝐶𝐶

𝑅𝑅𝑐𝑐

𝑉𝑉𝑜𝑜
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𝑹𝑹, 𝑹𝑹𝒄𝒄, OpAmp current noise

𝑆𝑆𝐼𝐼𝑛𝑛 =
4𝑘𝑘𝐵𝐵𝑇𝑇
𝑅𝑅

+
4𝑘𝑘𝐵𝐵𝑇𝑇
𝑅𝑅𝑐𝑐

+ 𝑆𝑆𝐼𝐼

𝑉𝑉𝑜𝑜 = 𝐼𝐼𝑛𝑛
𝑅𝑅𝑐𝑐

1 + 𝑠𝑠𝑠𝑠𝑅𝑅𝑐𝑐

𝑉𝑉𝑜𝑜2 = 𝑆𝑆𝐼𝐼𝑛𝑛𝑅𝑅𝑐𝑐
2 𝜋𝜋

2
1

2𝜋𝜋𝑅𝑅𝑐𝑐𝐶𝐶
≈ 1.82 × 10−10 V2

17

‒

+
𝑅𝑅

𝐶𝐶

𝑅𝑅𝑐𝑐𝐼𝐼𝑛𝑛

𝑉𝑉𝑜𝑜
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OpAmp voltage noise

𝑉𝑉𝑜𝑜 = 𝑉𝑉𝑛𝑛 1 +
𝑅𝑅𝑐𝑐 ∥ 1/𝑠𝑠𝑠𝑠

𝑅𝑅

= 𝑉𝑉𝑛𝑛
𝑅𝑅 + 𝑅𝑅𝑐𝑐
𝑅𝑅

1 + 𝑠𝑠𝑠𝑠 𝑅𝑅 ∥ 𝑅𝑅𝑐𝑐
1 + 𝑠𝑠𝑠𝑠𝑅𝑅𝑐𝑐

𝑉𝑉𝑜𝑜
𝑉𝑉𝑛𝑛

= 𝐺𝐺
1 + 𝑠𝑠𝜏𝜏𝑧𝑧

1 + 𝑠𝑠𝜏𝜏𝑝𝑝𝑝

𝐺𝐺 ≈ 1000, 𝑓𝑓𝑝𝑝𝑝 = 1 Hz, 𝑓𝑓𝑧𝑧 = 1 kHz

18

‒

+
𝑅𝑅

𝐶𝐶

𝑅𝑅𝑐𝑐

𝑉𝑉𝑛𝑛

𝑉𝑉𝑜𝑜
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Closed-loop gain

𝐺𝐺𝑂𝑂𝑂𝑂 𝑠𝑠 = 𝐴𝐴(𝑠𝑠)

log 𝑓𝑓

𝑇𝑇 𝑑𝑑𝑑𝑑

𝐺𝐺𝑖𝑖𝑖𝑖(𝑠𝑠)

𝐺𝐺(𝑠𝑠)

𝑓𝑓𝑧𝑧𝑓𝑓𝑝𝑝𝑝

𝐺𝐺
𝑇𝑇 𝑠𝑠 =

𝐺𝐺(1 + 𝑠𝑠𝜏𝜏𝑧𝑧)
(1 + 𝑠𝑠𝜏𝜏𝑝𝑝𝑝)(1 + 𝑠𝑠𝜏𝜏𝑝𝑝2)

19

𝑓𝑓𝑝𝑝𝑝
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𝑉𝑉𝑜𝑜2 = � 𝑇𝑇 2𝑑𝑑𝑑𝑑 = 𝑆𝑆𝑉𝑉𝐺𝐺2 �
(1 + 𝜔𝜔2𝜏𝜏𝑧𝑧2)

(1 + 𝜔𝜔2𝜏𝜏𝑝𝑝𝑝2 )(1 + 𝜔𝜔2𝜏𝜏𝑝𝑝𝑝2 )
𝑑𝑑𝑑𝑑

�
1 + 𝜔𝜔2𝜏𝜏𝑧𝑧2

(1 + 𝜔𝜔2𝜏𝜏𝑝𝑝𝑝2 )(1 + 𝜔𝜔2𝜏𝜏𝑝𝑝𝑝2 )
𝑑𝑑𝑑𝑑 = �

𝐴𝐴
1 + 𝜔𝜔2𝜏𝜏𝑝𝑝𝑝2

+
𝐵𝐵

1 + 𝜔𝜔2𝜏𝜏𝑝𝑝𝑝2
𝑑𝑑𝑑𝑑

𝐴𝐴 + 𝐵𝐵 = 1
𝐴𝐴𝜏𝜏𝑝𝑝𝑝2 + 𝐵𝐵𝜏𝜏𝑝𝑝12 = 𝜏𝜏𝑧𝑧2

⇒
𝐴𝐴 =

𝜏𝜏𝑝𝑝𝑝2 − 𝜏𝜏𝑧𝑧2

𝜏𝜏𝑝𝑝𝑝2 − 𝜏𝜏𝑝𝑝𝑝2
≈ 1

𝐵𝐵 =
𝜏𝜏𝑧𝑧2 − 𝜏𝜏𝑝𝑝𝑝2

𝜏𝜏𝑝𝑝𝑝2 − 𝜏𝜏𝑝𝑝𝑝2
≈

𝜏𝜏𝑧𝑧
𝜏𝜏𝑝𝑝𝑝

2

Output noise – full calculations 20
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Piecewise linear approximation

� 𝑇𝑇 2𝑑𝑑𝑑𝑑 ≈

𝐺𝐺2
𝜋𝜋
2
𝑓𝑓𝑝𝑝1 +

𝜋𝜋
2
𝑓𝑓𝑝𝑝2 =

1.57 × 106 + 3.14 × 106

21

log 𝑓𝑓

𝑇𝑇 𝑑𝑑𝑑𝑑

𝑓𝑓𝑧𝑧𝑓𝑓𝑝𝑝𝑝

𝐺𝐺

𝑓𝑓𝑝𝑝𝑝

LP filter
#1 LP filter

#2



Alessandro Spinelli – Electronics 96032

• The OpAmp voltage noise contribution becomes then
𝑉𝑉𝑜𝑜2 = 𝑆𝑆𝑉𝑉 1.57 + 3.14 × 106 = 4.71 × 10−10 V2

• The total noise is then
𝑉𝑉𝑜𝑜2 = 1.82 × 10−10 + 4.71 × 10−10 = 6.53 × 10−10 V2 ⇒

𝑉𝑉𝑜𝑜2 ≈ 26 𝜇𝜇V

Output noise 22
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• Inverting amplifier
• Integrator
• Differentiator
• Appendix: BP filter and white noise

Outline 23
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Differentiator

• 𝑅𝑅 = 14.4 kΩ, 𝑅𝑅𝑐𝑐 = 1.5 kΩ
• 𝐶𝐶 = 10 nF
• 𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 10 MHz

• 𝑆𝑆𝑉𝑉 = 20 nV/ Hz

• 𝑆𝑆𝐼𝐼 = 1 pA/ Hz

1. Find the total output noise

24

‒

+

𝑅𝑅

𝐶𝐶𝑅𝑅𝑐𝑐
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𝐺𝐺𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 = −𝐴𝐴 𝑠𝑠
𝑅𝑅𝑐𝑐 + 1

𝑠𝑠𝑠𝑠
𝑅𝑅 + 𝑅𝑅𝑐𝑐 + 1

𝑠𝑠𝑠𝑠
= −𝐴𝐴 𝑠𝑠

1 + 𝑠𝑠𝑠𝑠𝑅𝑅𝑐𝑐
1 + 𝑠𝑠𝑠𝑠(𝑅𝑅 + 𝑅𝑅𝑐𝑐)

𝑓𝑓𝑝𝑝 = 1 kHz, 𝑓𝑓𝑧𝑧 = 10.6 kHz
Beyond the singularities, we have

𝐺𝐺𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 ≈ −
𝐴𝐴0
𝑠𝑠𝑠𝑠

𝑅𝑅𝑐𝑐
𝑅𝑅 + 𝑅𝑅𝑐𝑐

⇒ 𝑓𝑓0𝑑𝑑𝑑𝑑 = 𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺
𝑅𝑅𝑐𝑐

𝑅𝑅 + 𝑅𝑅𝑐𝑐
= 0.94 MHz

Loop gain calculation 25
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OpAmp voltage noise

𝑉𝑉𝑜𝑜 = 𝑉𝑉𝑛𝑛 1 +
𝑅𝑅

𝑅𝑅𝑐𝑐 + 1/𝑠𝑠𝑠𝑠

= 𝑉𝑉𝑛𝑛
1 + 𝑠𝑠𝑠𝑠(𝑅𝑅 + 𝑅𝑅𝑐𝑐)

1 + 𝑠𝑠𝑠𝑠𝑅𝑅𝑐𝑐
𝑉𝑉𝑜𝑜
𝑉𝑉𝑛𝑛

=
1 + 𝑠𝑠𝜏𝜏𝑧𝑧

1 + 𝑠𝑠𝜏𝜏𝑝𝑝𝑝

𝑓𝑓𝑝𝑝𝑝 = 10.6 kHz, 𝑓𝑓𝑧𝑧 = 1 kHz

26

𝑉𝑉𝑛𝑛

𝑉𝑉𝑜𝑜‒

+

𝑅𝑅

𝐶𝐶𝑅𝑅𝑐𝑐
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Closed-loop gain

𝐺𝐺𝑂𝑂𝑂𝑂 𝑠𝑠 = 𝐴𝐴(𝑠𝑠)

log 𝑓𝑓

𝑇𝑇 𝑑𝑑𝑑𝑑

𝐺𝐺𝑖𝑖𝑖𝑖(𝑠𝑠)𝐺𝐺(𝑠𝑠)

𝑓𝑓𝑧𝑧 𝑓𝑓𝑝𝑝𝑝

𝑇𝑇 𝑠𝑠 =
1 + 𝑠𝑠𝜏𝜏𝑧𝑧

(1 + 𝑠𝑠𝜏𝜏𝑝𝑝𝑝)(1 + 𝑠𝑠𝜏𝜏𝑝𝑝2)

27

𝑓𝑓𝑝𝑝𝑝

𝐺𝐺
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𝑉𝑉𝑜𝑜2 = � 𝑇𝑇 2𝑑𝑑𝑑𝑑 = �
𝐴𝐴

1 + 𝜔𝜔2𝜏𝜏𝑝𝑝𝑝2
+

𝐵𝐵
1 + 𝜔𝜔2𝜏𝜏𝑝𝑝𝑝2

𝑑𝑑𝑑𝑑

𝐴𝐴 + 𝐵𝐵 = 1
𝐴𝐴𝜏𝜏𝑝𝑝𝑝2 + 𝐵𝐵𝜏𝜏𝑝𝑝12 = 𝜏𝜏𝑧𝑧2

⇒
𝐴𝐴 =

𝜏𝜏𝑝𝑝𝑝2 − 𝜏𝜏𝑧𝑧2

𝜏𝜏𝑝𝑝𝑝2 − 𝜏𝜏𝑝𝑝𝑝2
≈ −

𝜏𝜏𝑧𝑧
𝜏𝜏𝑝𝑝𝑝

2

= −𝐺𝐺2

𝐵𝐵 =
𝜏𝜏𝑧𝑧2 − 𝜏𝜏𝑝𝑝𝑝2

𝜏𝜏𝑝𝑝𝑝2 − 𝜏𝜏𝑝𝑝𝑝2
≈

𝜏𝜏𝑧𝑧
𝜏𝜏𝑝𝑝𝑝

2

= 𝐺𝐺2

Output noise – full calculations 28
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Piecewise linear approximation 29

log 𝑓𝑓

𝑇𝑇 𝑑𝑑𝑑𝑑

𝑓𝑓𝑧𝑧 𝑓𝑓𝑝𝑝𝑝 𝑓𝑓𝑝𝑝𝑝

𝐺𝐺

� 𝑇𝑇 2𝑑𝑑𝑑𝑑 ≈

𝐺𝐺2
𝜋𝜋
2

(𝑓𝑓𝑝𝑝𝑝 − 𝑓𝑓𝑝𝑝1) =

1.64 × 108

𝑉𝑉𝑜𝑜2 = 1.64 × 108 𝑆𝑆𝑉𝑉
= 6.56 × 10−8 V2
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OpAmp + 𝑹𝑹 current noise

𝑆𝑆𝐼𝐼𝑛𝑛 = 𝑆𝑆𝐼𝐼 +
4𝑘𝑘𝐵𝐵𝑇𝑇
𝑅𝑅

𝑉𝑉𝑜𝑜 = 𝐼𝐼𝑛𝑛𝑅𝑅

𝑉𝑉𝑜𝑜2 = 𝑆𝑆𝐼𝐼𝑛𝑛𝑅𝑅
2 𝜋𝜋

2
𝑓𝑓0𝑑𝑑𝑑𝑑

= 3.06 × 10−10 V2

30

𝑉𝑉𝑜𝑜‒

+

𝑅𝑅𝐶𝐶𝑅𝑅𝑐𝑐

𝐼𝐼𝑛𝑛
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Transfer function is the same as the input

𝑉𝑉𝑜𝑜 = 𝑉𝑉𝑛𝑛
𝑠𝑠𝑠𝑠𝑠𝑠

1 + 𝑠𝑠𝑠𝑠𝑅𝑅𝑐𝑐
With the addition of the pole at 𝑓𝑓0𝑑𝑑𝑑𝑑 we have a BP filter with mid-
band gain equal to 𝑅𝑅/𝑅𝑅𝑐𝑐 = 9.6

𝑉𝑉𝑜𝑜2 = 𝑆𝑆𝑅𝑅𝑐𝑐
𝑅𝑅
𝑅𝑅𝑐𝑐

2 𝜋𝜋
2

(𝑓𝑓0𝑑𝑑𝑑𝑑 − 𝑓𝑓𝑝𝑝𝑝) = 2.14 × 10−9 V2

𝑹𝑹𝒄𝒄 noise 31
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The total noise is then
𝑉𝑉𝑜𝑜2 = 6.56 × 10−8 + 3.06 × 10−10 + 2.14 × 10−9

= 6.61 × 10−8 V2 ⇒ 𝑉𝑉𝑜𝑜2 ≈ 261 𝜇𝜇V

Output noise 32
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• Inverting amplifier
• Integrator
• Differentiator
• Appendix: BP filter and white noise

Outline 34
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𝐻𝐻 𝑠𝑠 =
𝑠𝑠𝜏𝜏𝐿𝐿

(1 + 𝑠𝑠𝜏𝜏𝐿𝐿)(1 + 𝑠𝑠𝜏𝜏𝐻𝐻)

𝑉𝑉𝑜𝑜2 = 𝑆𝑆𝑉𝑉 �
0

∞ 𝜔𝜔𝜏𝜏𝐿𝐿 2

(1 + 𝜔𝜔2𝜏𝜏𝐿𝐿2)(1 + 𝜔𝜔2𝜏𝜏𝐻𝐻2 )
𝑑𝑑𝜔𝜔
2𝜋𝜋

=
𝑆𝑆𝑉𝑉
2𝜋𝜋

𝜏𝜏𝐿𝐿2

𝜏𝜏𝐻𝐻2 − 𝜏𝜏𝐿𝐿2
�
0

∞ 1
1 + 𝜔𝜔2𝜏𝜏𝐿𝐿2

−
1

1 + 𝜔𝜔2𝜏𝜏𝐻𝐻2
𝑑𝑑𝜔𝜔 =

𝑆𝑆𝑉𝑉
2𝜋𝜋

𝜏𝜏𝐿𝐿2

𝜏𝜏𝐻𝐻2 − 𝜏𝜏𝐿𝐿2
𝜋𝜋

2𝜏𝜏𝐿𝐿
−

𝜋𝜋
2𝜏𝜏𝐻𝐻

=
𝑆𝑆𝑉𝑉
4

𝜏𝜏𝐿𝐿
𝜏𝜏𝐻𝐻(𝜏𝜏𝐿𝐿 + 𝜏𝜏𝐻𝐻)

=
𝑆𝑆𝑉𝑉
4

1
𝜏𝜏𝐻𝐻 1 + 𝜏𝜏𝐻𝐻/𝜏𝜏𝐿𝐿

≈
𝑆𝑆𝑉𝑉
4

1
𝜏𝜏𝐻𝐻

1 −
𝜏𝜏𝐻𝐻
𝜏𝜏𝐿𝐿

=
𝑆𝑆𝑉𝑉
4

1
𝜏𝜏𝐻𝐻

−
1
𝜏𝜏𝐿𝐿

= 𝑆𝑆𝑉𝑉
𝜋𝜋
2

(𝑓𝑓𝐻𝐻 − 𝑓𝑓𝐿𝐿)

BP filter and white noise 35
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• The maximum of 𝐻𝐻 𝑗𝑗𝑗𝑗 = 𝜔𝜔𝜏𝜏𝐿𝐿
1−𝜔𝜔2𝜏𝜏𝐿𝐿𝜏𝜏𝐻𝐻+𝑗𝑗𝑗𝑗 𝜏𝜏𝐿𝐿+𝜏𝜏𝐻𝐻

is at

𝜔𝜔𝑝𝑝 =
1
𝜏𝜏𝐿𝐿𝜏𝜏𝐻𝐻

𝐻𝐻 𝑗𝑗𝜔𝜔𝑝𝑝 =
𝜏𝜏𝐿𝐿

𝜏𝜏𝐿𝐿 + 𝜏𝜏𝐻𝐻
• The -3dB BW is given by

𝜔𝜔𝜏𝜏𝐿𝐿
1 − 𝜔𝜔2𝜏𝜏𝐿𝐿𝜏𝜏𝐻𝐻 + 𝑗𝑗𝑗𝑗 𝜏𝜏𝐿𝐿 + 𝜏𝜏𝐻𝐻

=
1
2

𝜏𝜏𝐿𝐿
𝜏𝜏𝐿𝐿 + 𝜏𝜏𝐻𝐻

1 − 𝜔𝜔2𝜏𝜏𝐿𝐿𝜏𝜏𝐻𝐻
2 + 𝜔𝜔2 𝜏𝜏𝐿𝐿 + 𝜏𝜏𝐻𝐻 2 = 2𝜔𝜔2 𝜏𝜏𝐿𝐿 + 𝜏𝜏𝐻𝐻 2 ⇒ 1 − 𝜔𝜔2𝜏𝜏𝐿𝐿𝜏𝜏𝐻𝐻 = ±𝜔𝜔 𝜏𝜏𝐿𝐿 + 𝜏𝜏𝐻𝐻 ⇒ 𝜔𝜔2 ± 𝜔𝜔

𝜏𝜏𝐿𝐿 + 𝜏𝜏𝐻𝐻
𝜏𝜏𝐿𝐿𝜏𝜏𝐻𝐻

−
1

𝜏𝜏𝐿𝐿𝜏𝜏𝐻𝐻
= 0

• We pick only the positive solutions:

𝜔𝜔𝐿𝐿 = −
𝜏𝜏𝐿𝐿 + 𝜏𝜏𝐻𝐻
2𝜏𝜏𝐿𝐿𝜏𝜏𝐻𝐻

+
𝜏𝜏𝐿𝐿 + 𝜏𝜏𝐻𝐻
2𝜏𝜏𝐿𝐿𝜏𝜏𝐻𝐻

2

+
1

𝜏𝜏𝐿𝐿𝜏𝜏𝐻𝐻
𝜔𝜔𝐻𝐻 =

𝜏𝜏𝐿𝐿 + 𝜏𝜏𝐻𝐻
2𝜏𝜏𝐿𝐿𝜏𝜏𝐻𝐻

+
𝜏𝜏𝐿𝐿 + 𝜏𝜏𝐻𝐻
2𝜏𝜏𝐿𝐿𝜏𝜏𝐻𝐻

2

+
1

𝜏𝜏𝐿𝐿𝜏𝜏𝐻𝐻

𝐵𝐵𝐵𝐵 =
𝜔𝜔𝐻𝐻 − 𝜔𝜔𝐿𝐿

2𝜋𝜋
=

1
2𝜋𝜋

𝜏𝜏𝐿𝐿 + 𝜏𝜏𝐻𝐻
𝜏𝜏𝐿𝐿𝜏𝜏𝐻𝐻

𝑉𝑉𝑜𝑜2 = 𝑆𝑆𝑉𝑉 𝐻𝐻 𝑓𝑓𝑝𝑝
2 𝜋𝜋

2
𝐵𝐵𝐵𝐵 = 𝑆𝑆𝑉𝑉

𝜏𝜏𝐿𝐿
𝜏𝜏𝐿𝐿 + 𝜏𝜏𝐻𝐻

2 𝜏𝜏𝐿𝐿 + 𝜏𝜏𝐻𝐻
4𝜏𝜏𝐿𝐿𝜏𝜏𝐻𝐻

=
𝑆𝑆𝑉𝑉
4

𝜏𝜏𝐿𝐿
𝜏𝜏𝐻𝐻(𝜏𝜏𝐿𝐿 + 𝜏𝜏𝐻𝐻)

-3dB bandwidth and noise 36
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• The second-order polynomials describing two poles (or zeros) can 
be written as

𝐻𝐻 𝑠𝑠 = 1 +
𝑠𝑠

𝜔𝜔𝑝𝑝𝑄𝑄
+
𝑠𝑠2

𝜔𝜔𝑝𝑝2

• 𝑄𝑄 is the quality factor of the poles:
 0 < 𝑄𝑄 < 0.5 ⇒ real and separated poles

 𝑄𝑄 = 0.5 ⇒ real and coincident poles at 𝜔𝜔𝑝𝑝
 𝑄𝑄 > 0.5 ⇒ complex conjugated poles at 𝜔𝜔𝑝𝑝

General case: the quality factor 37
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• Consider a BP filter

𝐻𝐻 𝑠𝑠 =
𝑠𝑠/𝜔𝜔𝑝𝑝

1 + 𝑠𝑠
𝜔𝜔𝑝𝑝𝑄𝑄

+ 𝑠𝑠2
𝜔𝜔𝑝𝑝2

• The maximum of 𝐻𝐻 𝑗𝑗𝑗𝑗 is at 𝜔𝜔 = 𝜔𝜔𝑝𝑝, where 𝐻𝐻 𝑗𝑗𝜔𝜔𝑝𝑝 = 𝑄𝑄
• The -3dB bandwidth (for both real and complex poles) is

𝐵𝐵𝐵𝐵 =
𝑓𝑓𝑝𝑝
𝑄𝑄

• The output noise is

𝑉𝑉𝑜𝑜2 = 𝑆𝑆𝑉𝑉
𝜋𝜋
2
𝐵𝐵𝐵𝐵 𝐻𝐻 𝑗𝑗𝜔𝜔𝑝𝑝

2 = 𝑆𝑆𝑉𝑉
𝜋𝜋
2
𝐵𝐵𝐵𝐵𝑄𝑄2 = 𝑆𝑆𝑉𝑉

𝜋𝜋
2
𝑄𝑄𝑓𝑓𝑝𝑝

Quality factor, BW and noise 38
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