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• It’s time to begin a discussion on the techniques for improving
S/N

• Noise-reduction techniques obviously depend on the type of 
signal and of noise:

Purpose of the lesson 3

Noise
HF (White) LF (flicker)

Si
gn

al LF (constant) previous lesson next lessons
HF (pulse) this lesson next lessons
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• Time-variant filters
• Gated integrators

Outline 4
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• Short 𝑇𝑇𝐹𝐹 ⇒ larger signal, but larger noise
• Long 𝑇𝑇𝐹𝐹 ⇒ smaller signal, but smaller noise
• We can try to use a time-variant filter, that operates only when

the pulse is present (but we need to develop the theory first…)

Fast pulse + WN and LPF 5

𝑆𝑆
𝑁𝑁 𝑜𝑜𝑜𝑜𝑜𝑜

= 𝐴𝐴
1 − 𝑒𝑒−𝑇𝑇𝑃𝑃/𝑇𝑇𝐹𝐹

𝜆𝜆/2𝑇𝑇𝐹𝐹

𝑥𝑥(𝑡𝑡)

t𝑇𝑇𝑃𝑃
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• The output depends explicitly on time
• A weighting function 𝑤𝑤 can always be defined such that

𝑦𝑦 𝑡𝑡 = �𝑥𝑥 𝜏𝜏 𝑤𝑤 𝑡𝑡, 𝜏𝜏 𝑑𝑑𝜏𝜏

• If 𝑥𝑥 𝜏𝜏 = 𝛿𝛿 𝜏𝜏 − 𝜏𝜏0 ,𝑦𝑦 𝑡𝑡 = 𝑤𝑤 𝑡𝑡, 𝜏𝜏0 ⇒ 𝑤𝑤(𝑡𝑡, 𝜏𝜏) is still the system 
response at time 𝑡𝑡 to a delta function applied in 𝜏𝜏, but it is not the 
delta-function response shifted and reversed, i.e., 𝑤𝑤 𝑡𝑡, 𝜏𝜏 ≠
ℎ(𝑡𝑡 − 𝜏𝜏)

Time-variant filters 6

≡ 0 ∀ 𝑡𝑡 < 𝜏𝜏, so 
integral may run 
from −∞ to +∞
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Example 1: δ-function response 7

𝐶𝐶
𝑅𝑅

𝜏𝜏

𝜏𝜏

𝜏𝜏1 𝜏𝜏2

𝑆𝑆
𝑆𝑆 closed 𝑆𝑆 closed𝑆𝑆 open

𝜏𝜏4𝜏𝜏3
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Example 1: weighting function 8

𝐶𝐶
𝑅𝑅

𝜏𝜏

𝜏𝜏

𝜏𝜏1 𝜏𝜏2

𝑆𝑆
𝑆𝑆 closed 𝑆𝑆 closed𝑆𝑆 open

𝜏𝜏4𝜏𝜏3 𝑡𝑡

𝑡𝑡𝜏𝜏1 𝜏𝜏2 𝜏𝜏4𝜏𝜏3
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Example 2: δ-function response 9

𝐶𝐶
𝑅𝑅

𝜏𝜏

𝜏𝜏

𝜏𝜏1 𝜏𝜏2

𝑆𝑆
𝑆𝑆 open 𝑆𝑆 open𝑆𝑆 closed

𝜏𝜏4𝜏𝜏3
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Example 2: weighting function 10

𝐶𝐶
𝑅𝑅

𝜏𝜏

𝑆𝑆

𝑡𝑡

𝑡𝑡
𝜏𝜏

𝜏𝜏1 𝜏𝜏2 𝜏𝜏4𝜏𝜏3

𝜏𝜏1 𝜏𝜏2 𝜏𝜏4𝜏𝜏3

𝑆𝑆 open 𝑆𝑆 open𝑆𝑆 closed
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𝑅𝑅𝑦𝑦𝑦𝑦 𝑡𝑡1, 𝑡𝑡2 = 𝑦𝑦 𝑡𝑡1 𝑦𝑦(𝑡𝑡2) = �𝑥𝑥 𝛼𝛼 𝑤𝑤 𝑡𝑡1,𝛼𝛼 𝑥𝑥 𝛽𝛽 𝑤𝑤 𝑡𝑡2,𝛽𝛽 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= �𝑅𝑅𝑥𝑥𝑥𝑥 𝛼𝛼,𝛽𝛽 𝑤𝑤 𝑡𝑡1,𝛼𝛼 𝑤𝑤 𝑡𝑡2,𝛽𝛽 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑛𝑛𝑦𝑦2(𝑡𝑡1) = 𝑅𝑅𝑦𝑦𝑦𝑦 𝑡𝑡1, 𝑡𝑡1 = �𝑅𝑅𝑥𝑥𝑥𝑥 𝛼𝛼,𝛽𝛽 𝑤𝑤 𝑡𝑡1,𝛼𝛼 𝑤𝑤 𝑡𝑡1,𝛽𝛽 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

Response to noise 11
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𝑅𝑅𝑦𝑦𝑦𝑦 𝑡𝑡1, 𝑡𝑡2 = 𝑦𝑦 𝑡𝑡1 𝑦𝑦(𝑡𝑡2) = �𝑅𝑅𝑥𝑥𝑥𝑥 𝛽𝛽 − 𝛼𝛼 𝑤𝑤 𝑡𝑡1,𝛼𝛼 𝑤𝑤 𝑡𝑡2,𝛽𝛽 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= �𝑅𝑅𝑥𝑥𝑥𝑥 𝛾𝛾 𝑤𝑤 𝑡𝑡1,𝛼𝛼 𝑤𝑤 𝑡𝑡2,𝛼𝛼 + 𝛾𝛾 𝑑𝑑𝑑𝑑𝑑𝑑𝛾𝛾

= �𝑅𝑅𝑥𝑥𝑥𝑥 𝛾𝛾 𝑑𝑑𝑑𝑑�𝑤𝑤 𝑡𝑡1,𝛼𝛼 𝑤𝑤 𝑡𝑡2,𝛼𝛼 + 𝛾𝛾 𝑑𝑑𝑑𝑑 = �𝑅𝑅𝑥𝑥𝑥𝑥 𝛾𝛾 𝑘𝑘𝑤𝑤12(𝛾𝛾)𝑑𝑑𝑑𝑑

Stationary input noise 12
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• For stationary input noise

𝑛𝑛𝑦𝑦2(𝑡𝑡) = 𝑅𝑅𝑦𝑦𝑦𝑦 𝑡𝑡, 𝑡𝑡 = �𝑅𝑅𝑥𝑥𝑥𝑥 𝛾𝛾 𝑘𝑘𝑤𝑤𝑡𝑡𝑡𝑡(𝛾𝛾)𝑑𝑑𝑑𝑑

𝑘𝑘𝑤𝑤𝑡𝑡𝑡𝑡 𝛾𝛾 = �𝑤𝑤 𝑡𝑡,𝛼𝛼 𝑤𝑤 𝑡𝑡,𝛼𝛼 + 𝛾𝛾 𝑑𝑑𝑑𝑑

• The output is noise is non-stationary, due to the time-variant 
nature of the filter

Output noise rms value 13



Alessandro Spinelli – Electronics 96032

• From Parseval theorem

𝑦𝑦 𝑡𝑡 = �𝑥𝑥 𝜏𝜏 𝑤𝑤 𝑡𝑡, 𝜏𝜏 𝑑𝑑𝜏𝜏 = �𝑋𝑋 𝑓𝑓 𝑊𝑊∗ 𝑡𝑡, 𝑓𝑓 𝑑𝑑𝑑𝑑

where

𝑊𝑊 𝑡𝑡, 𝑓𝑓 = �𝑤𝑤 𝑡𝑡, 𝜏𝜏 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑑𝑑𝑑𝑑

• No simple definition of 𝑌𝑌(𝑓𝑓) can be provided in the general case

Frequency domain - signal 14
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For stationary input noise

𝑛𝑛𝑦𝑦2(𝑡𝑡) = �𝑅𝑅𝑥𝑥𝑥𝑥 𝛾𝛾 𝑘𝑘𝑤𝑤𝑡𝑡𝑡𝑡(𝛾𝛾)𝑑𝑑𝑑𝑑 = �𝑆𝑆𝑥𝑥 𝑓𝑓 𝑊𝑊 𝑡𝑡, 𝑓𝑓 2𝑑𝑑𝑑𝑑

Frequency domain – noise 15
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𝑅𝑅𝑥𝑥𝑥𝑥 𝛾𝛾 = 𝜆𝜆𝜆𝜆 𝛾𝛾

𝑛𝑛𝑦𝑦2(𝑡𝑡) = �𝑅𝑅𝑥𝑥𝑥𝑥 𝛾𝛾 𝑘𝑘𝑤𝑤𝑡𝑡𝑡𝑡(𝛾𝛾)𝑑𝑑𝑑𝑑 = 𝜆𝜆�𝛿𝛿 𝛾𝛾 𝑘𝑘𝑤𝑤𝑡𝑡𝑡𝑡(𝛾𝛾)𝑑𝑑𝑑𝑑 = 𝜆𝜆𝑘𝑘𝑤𝑤𝑡𝑡𝑡𝑡 0

= 𝜆𝜆�𝑤𝑤2 𝑡𝑡,𝛼𝛼 𝑑𝑑𝑑𝑑

𝑆𝑆𝑥𝑥 𝑓𝑓 = 𝜆𝜆

𝑛𝑛𝑦𝑦2(𝑡𝑡) = �𝑆𝑆𝑥𝑥 𝑓𝑓 𝑊𝑊 𝑡𝑡,𝑓𝑓 2𝑑𝑑𝑑𝑑 = 𝜆𝜆� 𝑊𝑊 𝑡𝑡, 𝑓𝑓 2𝑑𝑑𝑑𝑑

The case of white stationary noise 16

Parseval
theorem
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• Time-variant filters
• Gated integrators

Outline 17
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Time-varying filter which integrates the input signal for a finite 
interval of time

Gated integrator 18

‒

+

𝑦𝑦𝑥𝑥
𝑆𝑆1
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• Remember that 𝑤𝑤 𝑡𝑡, 𝜏𝜏 is the system response at time 𝑡𝑡 to a delta 
function applied in 𝜏𝜏

• Setting 𝑡𝑡0 = 0 for simplicity we have
𝑤𝑤 𝑡𝑡, 𝜏𝜏 = 𝐾𝐾(u 𝜏𝜏 − u 𝜏𝜏 − 𝑡𝑡 )

Weighting function (time domain) 19

𝑤𝑤(𝑡𝑡, 𝜏𝜏)

S1
open

S1
open

S1
closed

𝜏𝜏
𝑡𝑡𝑡𝑡0

𝐾𝐾
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𝑊𝑊 𝑡𝑡, 𝑓𝑓 = ℱ 𝑤𝑤(𝑡𝑡, 𝜏𝜏) = 𝐾𝐾𝐾𝐾 sinc 𝜋𝜋𝜋𝜋𝜋𝜋 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗

(transform is carried out with respect to the variable 𝜏𝜏)

Weighting function (frequency domain) 20

𝑓𝑓

𝑊𝑊 𝑡𝑡,𝑓𝑓
𝐾𝐾𝐾𝐾

1/𝑡𝑡−1/𝑡𝑡

Value in 𝑓𝑓 = 0 ⇒
area in the time 
domain

Time shift of a 
factor 𝑡𝑡/22/𝑡𝑡−2/𝑡𝑡
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𝑦𝑦 𝑡𝑡 = �𝑥𝑥 𝜏𝜏 𝑤𝑤 𝑡𝑡, 𝜏𝜏 𝑑𝑑𝑑𝑑 = 𝐾𝐾�
0

𝑡𝑡
𝑥𝑥 𝜏𝜏 𝑑𝑑𝑑𝑑 = 𝐾𝐾𝐾𝐾 𝑥𝑥

𝑦𝑦 𝑡𝑡 = 𝐾𝐾𝐾𝐾�𝑋𝑋(𝑓𝑓) sinc 𝜋𝜋𝜋𝜋𝜋𝜋 𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑑𝑑𝑑𝑑

Results for LTV filters are usually easier in the time domain

Signal response 21
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𝑘𝑘𝑤𝑤𝑡𝑡𝑡𝑡 𝜏𝜏 = �𝑤𝑤 𝑡𝑡,𝛼𝛼 𝑤𝑤 𝑡𝑡,𝛼𝛼 + 𝜏𝜏 𝑑𝑑𝑑𝑑 = 𝐾𝐾2𝑡𝑡 tri(𝑡𝑡)

𝑊𝑊 𝑡𝑡, 𝑓𝑓 2 = 𝐾𝐾2𝑡𝑡2 sinc2(𝜋𝜋𝜋𝜋𝜋𝜋)

Weighting function autocorrelation 22

𝐾𝐾2𝑡𝑡
𝑘𝑘𝑤𝑤𝑡𝑡𝑡𝑡

𝑡𝑡−𝑡𝑡
𝜏𝜏

𝐾𝐾𝐾𝐾 2

1/𝑡𝑡−1/𝑡𝑡

𝑓𝑓

𝑊𝑊 𝑡𝑡,𝑓𝑓 2
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• Time domain

𝑛𝑛𝑦𝑦2 = 𝜆𝜆𝑘𝑘𝑤𝑤𝑡𝑡𝑡𝑡 0 = 𝜆𝜆𝜆𝜆𝐾𝐾2

• Frequency domain:

𝑛𝑛𝑦𝑦2 = 𝜆𝜆� 𝑊𝑊 𝑡𝑡, 𝑓𝑓 2𝑑𝑑𝑑𝑑 = 𝜆𝜆𝐾𝐾2𝑡𝑡2 � sinc2(𝜋𝜋𝜋𝜋𝜋𝜋)𝑑𝑑𝑑𝑑 = 𝜆𝜆𝜆𝜆𝐾𝐾2

• The noise equivalent BW of the gated integrator is 𝐵𝐵𝑊𝑊𝑛𝑛 = 1
2𝑡𝑡

Output noise 23

= 1/𝑡𝑡
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• Constant pulse over the integration time and quasi-white noise with 
equivalent bandwidth 𝑓𝑓𝑛𝑛 = 1/2𝑇𝑇𝑛𝑛 at the input:

𝑆𝑆
𝑁𝑁 𝑥𝑥

=
𝑉𝑉𝑖𝑖

𝑛𝑛𝑥𝑥2
=

𝑉𝑉𝑖𝑖
2𝜆𝜆𝑓𝑓𝑛𝑛

= 𝑉𝑉𝑖𝑖
𝑇𝑇𝑛𝑛
𝜆𝜆

• At the output we have:

𝑆𝑆
𝑁𝑁 𝑦𝑦

=
𝑉𝑉𝑦𝑦

𝑛𝑛𝑦𝑦2
=

𝑉𝑉𝑖𝑖𝐾𝐾𝐾𝐾
𝜆𝜆𝑡𝑡𝐾𝐾2

= 𝑉𝑉𝑖𝑖
𝑡𝑡
𝜆𝜆

Input and output 𝑺𝑺/𝑵𝑵 24
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𝑆𝑆
𝑁𝑁 𝑦𝑦

=
𝑆𝑆
𝑁𝑁 𝑥𝑥

𝑡𝑡
𝑇𝑇𝑛𝑛

=
𝑆𝑆
𝑁𝑁 𝑥𝑥

𝑓𝑓𝑛𝑛
𝐵𝐵𝐵𝐵𝑛𝑛

Improvement of 𝑺𝑺/𝑵𝑵 25
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We want to compare the noise bandwidths of the filters ⇒ same
gain at 𝑓𝑓 = 0

Comparison against LP filter 26

0

0,2

0,4

0,6

0,8

1

GI
LPF

1/𝑇𝑇1/2𝑇𝑇1/4𝑇𝑇

𝐵𝐵𝑊𝑊𝑛𝑛 𝐺𝐺𝐺𝐺 =
1

2𝑇𝑇𝐺𝐺
𝐵𝐵𝑊𝑊𝑛𝑛 𝐿𝐿𝐿𝐿𝐿𝐿 =

1
4𝑇𝑇𝐹𝐹

To achieve the same 𝑆𝑆/𝑁𝑁, we 
must set 𝑇𝑇𝐹𝐹 = 𝑇𝑇𝐺𝐺/2
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• An LPF is always present in an acquisition system to cut unwanted 
high-frequency noise components

• GIs are useful for fast signals (pulses), although they can also be 
employed for DC signals

• GIs effectively suppress frequency components 𝑓𝑓𝑛𝑛 = 𝑛𝑛/𝑡𝑡⇒
useful to reject power supply disturbs or interferences

Comments 27
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Simplified scheme 28

‒

+

𝑉𝑉𝑜𝑜
𝑉𝑉𝑖𝑖

Variable
delay

Fixed
delay

Control 
logic

𝑉𝑉𝑇𝑇𝑇𝑇 ‒

+
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I/O waveforms 29

𝑥𝑥(𝑡𝑡)

𝑦𝑦(𝑡𝑡)

gate

𝑇𝑇𝐺𝐺

𝑡𝑡

𝑡𝑡

𝑡𝑡

𝑇𝑇𝐺𝐺 value is 
chosen so as to 
optimize 𝑆𝑆/𝑁𝑁
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• Gate width (typ. from 1-2 ns to several μs – can go down to about 
100 ps for fast samplers)

• Gain (typ. from 1 to 1000)
• Dead time (a few μs typ.) or Trigger Rate (typ. < 50 kHz)
• Linearity, offset,…

Typical parameters 30

From [1]
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1. https://www.thinksrs.com/products/sr255.html

References 31
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