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Purpose of the lesson

e Up to now we have seen Amplifiers and Sensors and we know
now to deal with the problems from the viewpoint of the signal

e |n reality, noise is always present and can affect the precision or
even overshadow the signal

e In the second half of the class, we will discuss techniques for
noise reduction. Before doing this, however, we need to learn:
= how to mathematically describe noise (this lesson);
= what are the origins of noise (next lesson);
= how circuits respond to noise (lesson after the next);
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Outline

e Signals in time and frequency domains
e Random processes

e White noise and approximations
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Signals

e Physical quantities that vary with time and contain information

e Deterministic in nature, and described by their time or frequency

behavior
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Fourier transform

+00

X(w) = f+oox(t)e_j“’tdt X(f) =f x(t)e J2mItdt

— OO0

x(t) = f+OOX(w)ej“)td—w = f+OOX(f)ej2”ftdf

—00 2T —00

It is basically a Laplace transform evaluated for s = j2nf
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General properties

e Linearity
Flax(t) + by(t)] = aX(f) + bY (f)
e |nitial values

X(0) = f x(@©)dt  x(0) = f X(F)df

* Symmetry
= If x(t) is even, sois X(f)
= If x(t) is real and even, so is X (f)
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Properties — differentiation

Time Frequency
Functions x(t) X(f)
Time differentiation x'(t) j2nf X(f)
Freq. differentiation —j2mt x(t) X'(f)
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Properties — integration and shift

Time Frequency
‘ X(f) X(0)

Time int ti d | )
ime integration J_Oox(r) T 2nf > (f)
Time shifting x(t + 1) e/2™T X(f)

Frequency shifting e 12Tl x (1) X(f + fo)
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Integration example

x(t) =6(t)  X(f) = J S(t)e I tqe =1

X(fH) _ 1
j2nf  j2nf

t
y(t) = f_ x(t)dt =u(t)+ C &

For the initial value theorem:
j2nf '

: 1. : : : :
which means that 27 is the Fourier transform of the symmetric step function, with C = —1/2.

The Transform of u(t) becomes then

1 15
u(t)(:)jz—nf_l_f (f)
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Properties — scaling

Time Frequency
1
Time scaling x(at) —X ]—C
la] \a
X(—f)
Time reversal x(—t)

( if x(t) is real )
X(—f) = X*(f)
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Properties — convolution

Time Frequency
Time domain x(t) = y(t) XY ()
Frequency domain x(t)y(t) X(f) =Y(f)

where x(t) *y(t) = fx(r)y(t —1)dT
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Parseval theorem

f x(©)y* (D) dt = f X(HY*(Fdf

and forx =y

f x(6)[2dt = f X(F)12df
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Time-bandwidth relation

e The Fourier transform of a Gaussian signal is also Gaussian:
T [e—rwztzl — o Tf?/0?

e The widths of the functions are related by an inverse relation
.07 =1
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Extension to the general case

We consider the equivalent duration or bandwidth:

f x(t)dt = x(0)T f X(f)df = X(0)B

A
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Extension to the general case

From the initial-value theorem:

X(0) = jx(t)dt = x(0)T

x(0) = f X(f)df = X(0)B; = x(0)TB,

(becomes TB,, = 2m in the w domain)
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Signal cross-correlation

e We consider real signals belonging to L*(R), called energy signals

e Cross-correlation of two energy signals is defined as

Kyy(T) = fx(t)y(t + 7)dt

and measures the “similarity” between the signals, as a function
of their time difference t
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General properties

Kyy(T) = fx(t)y(t + 7)dt = fx(z —1)y(z)dz =k, (—7)

‘ kxy (7) ‘ = \/kxx (0) kyy (0)

1
ey (D] < 5 (K (0) + Ky (0))
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Autocorrelation

e |s the correlation of a signal with itself

e |t measures the “predictability” of the signal over time

(Real and

Ky (T) = fx(t)x(t +1)dt = kyy (=) even)

[ ()| < ki (0) = fxz(t)dt =L

e F is called the signal energy
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Example: rectangular pulse

D NN
A A
A K s
AT
x(t)
x(t+ 1)
r
> >
—T T—1t T —T T T

K (1) = j (O)x(t + D)t = A2(T — |])
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Autocorrelation and convolution

x(T+t) 1 | Ky (1)
x(T)
T L
__t > >
i x(t) * x(t)
AN
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Frequency domain

K () = ke (—t) = f X (Dx(T — Ddt = x(t) * x(—t)
Fllee (O] = X(OX*(F) = [X(F)I?  (Real and even)

E = f X2(£)dt = Ky (0) = f X(PPAf oo

theorem

|X(f)]# is called the energy spectral density
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Example: rectangular pulse

A T x(®) arh X(f)
AT sinc(rtfT)
L N ~ 71
~T/2 T/2 7 \J \/ °
AZT kxx(T) Asz |X(f)|2
(AT)? sinc?(rtfT)
v f
—T T
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Power signals

e These are signals not belonging to L*(R), whose energy diverges (e.g., periodic
signals)

e We then consider the truncated (energy) signal

_|x(@) vVt <T
xr(t) = {o vie| > T

for which we can define the Fourier transform X (f) and the autocorrelation

KT (1) = j X7 (Dxp(t + Dt

where F|kL (7)| = 1X7(F)I?
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Autocorrelation and PSD

T

1 1
— I —_— T — . —
K, (1) = Tll_)rglo T ki (T) 711_1)1010 T _Tx(t)x(t + 7)dt

1
FlKyx (D] = lim — X7 (HI? = S()
T

1
P=lim—| x?@t)dt=K,,(0)= fS(f)df

T-0 2T J_
( T )

signal power power spectral density
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Example: sinusoidal signal

x(t) = B cos w,t

BZ T
K,,(t) = lim —f cos w,t cos w,(t + 7) dt
T

T—oo 2T
BZ T
= Tll_)ngo o7 cos w,-t (cos w,-t cos w, T — sin w,-t sin w,7)dt =
~T
1 (" B
B? cosw,T lim — | cos? w,tdt =—cos w, T
T-o 2T J_r 2
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Frequency domain

x7(t) = B cos w,t rect(—=T,T)
Xe(f) = 5 (8(F — )+ 8(F + £,)) » 2Tsinc(2nfT)
= g(ZT)(sinc(Zn(f — £:)T) + sinc2rn(f + fr)T))

2
Xr(HI* = BT (2T)?(sinc?(2n(f — f,)T) + sinc*2n(f + £,)T))

1 B?
Sx(f) = %Lrgoﬁle(f)lz — T(d(f — fr) +6(f +fr))
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Outline

e Signals in time and frequency domains
e Random processes

e White noise and approximations
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Stochastic (or random) processes

e They represent signals that are described in probabilistic terms

e A few examples

= Current flowing through devices

Wireless signal received by mobile phones

Waiting time at bus stops

Stock market
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Examples

Number
400
|

|

T T T \ |
0 1000 2000 3000 4000

Time (generations)
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|
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|
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|
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0.0

0.z

0.4
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Process realizations

A random process is defined by the probability density function
p(x,t) or by the joint probabilities p(x4, ..., X,; t1, ..., t;,)
= At any given time, the process becomes a random variable

= For any random variable (i.e., experiment), the process becomes a
deterministic function of time, called realization or sample
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Mean and variance

e Mean value

x(t) = fxp(x; t)dx

e Mean square value

x2(t) = fxzp(x; t)dx

e \ariance

g2(t) = j(x — %)2p(x; t)dx = x2 — 2
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Moment functions

e Autocorrelation

Ry (t1, 1) = x(t1)x(ty) = ﬂ x(t1)x(tz) p(xq, xz; ty, ty)dxydx,

e Autocovariance

Cox (t1,t2) = (x(t1) — m)(x(tz) — th))

= [ G =00 = e 101t 8) s
Dependent on t; and t,
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Example: random lines

x(t) =A+ Bt,t > 0, where A and B are independent random
variables

Ryx (t1, t2) = x(t)x(t2) = (A + Bty)(A + Bty) =
A% + AB(t, + ty) + B2%t,t,

Cax(t1, t2) = 04 + 051t
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Stationary processes

e The joint probability distributions are independent of the time
shift
p(X1, s X5 1, o, ty) = p(xq, e, x5t + T, t, +T) YV, t, T
e The joint pdfs become
 p(x,t) =p(x,t+T) VL, T = p(x,t) = p(x) = X and a2 are
independent of time
= p(x1, X5 b1, 85) = pxg, xp; t1, 6 +7) Vi = p(xg, Xp; 81, 85) =
p(xb xZ;T)
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Moment functions (stationary case)

e Autocorrelation

R (1) = 20X (6 ¥ 1) = j j 1 2yp () 2 T) s o,

e Autocovariance

Coxe(T) = (x(ty) — x(t1)) (x(t2) — x(t3))

= j (x1 — %) (2 — X)p(xy, x2; T)dx1dx,
Only dependentont =1t, — t4
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A few notes

e |[n the general case, C,,, = R,,, — X1 X5

e Valuesatt =0
. Rxx(o) = x2
. xx(o) — 0-9?

e We will mainly consider processes with zero mean value =
Ry = Cyy
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Ensemble averages

n arfkall 1] ] ¥—
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Temporal averages

-

Lo orikeTI (] ]| -
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Ergodic processes

1 T
— l S — Y
(x) lm —— Tx(t)dt X
1 T
K..(t)=lim — | x(t)x(t+ 1)dt = R, (7)
T—o00 ZT _T

e Temporal statistics converge to the ensemble ones, for all
moments

e Ergodic processes are stationary (the inverse is not strictly true
— see Appendix | — but often verified in practice)
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Frequency domain

e Any single realization x;(t) is a power signal, and we can define

1 2
Si(f) = lim —= | X7,:(f)
e S;(f)is arandom variable. We now take the ensemble average
1 2
S() = Si(H) = lim —— X7, (f)

e S(f) is called the power spectral density of the random process
o F7S(f)] = R, (7) (Wiener-Khinchin theorem, see Appendix I1)
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Example: random phase sinusoid

e Random process x(t) = B cos(w,t + ¢) where ¢ is a random
variable uniformly distributed in [—m, ] =2 x = (x) =0

e Ensemble autocorrelation of the process is

Ryx(7) = B* fnCOS(wrt + @) cos(wr(t +7) + P)p(P)d

BZ
==, COSWyT = K, (7)

 PSD becomes then S(f) = — (6(f £)+8(f+£))
| | .
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Uni- and bilateral spectra

e S(f) isreal and even, extending from —oo to 400 = bilateral
power spectrum

e In circuit calculations, positive frequencies only are of interest =
a unilateral PSD is defined, extending from f = 0 to 400

* Su(f) =25,(f)Vf =0
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Outline

e Signals in time and frequency domains
e Random processes

e White noise and approximations
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White noise

Run (1) = 46(7) Sn(f) =4
Rnn 1

A

The process is totally uncorrelated with itself
n2 = oo
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White noise approximations

e Real noises are only approximately white, i.e., they behave as
such in a limited spectral (or time) range

e Correlation time and bandwidth are related by the time-
bandwidth relation:

Run(t) =29(1)  g(@) =0 V]| > 70
S,(f) = constant V |f| < 1/7,
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Triangular approximation

— |I5n __ S, (unilateral)
AR n2t, 2n%t,
nn
n?
;: = AN 1 f I Ilogf
—Tp To -3t, -2/t, -i/r, O i/t, 2i, 3/, 0.01/1, 0.1/7, 1, 10/7,
: 2
—  (sin(mf1y)
Sp(f) =nt
n 0
Tf T,

7 = | $u(Pdf = 5,(0)2, =
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Rectangular approximation

.S,
rR n2t,
- ™ Question: given that S(f) =
n
Th_fgo% |XT,i(f)|2, how can it
be negative?
: LN vy
-8, -2z, f1r, |0 T, T, 3P
_To/z TO/E é&/ v
— sin(mf1y)
Sn(f) =n*t
n 0
f Ty

nZ = j Su(HAf = S, (0)2f, =
| | .
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Appendix I: a simple counter-example

e We consider the process x(t) = A, random variable in [0,1]

A X :_')Z = A

as I (x) = asz
I
|

a | (x) = a,
I

aq ! (x) = a4
| > t

e x(t) is stationary but not ergodic
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Appendix ll: Wiener-Khinchin theorem

1 .
SO = [ Jim DO e27df = lim —— [ 77Ky /27 af =
1 T _ .
= Th_)rgoﬁ j x(ty)el2mftz dt, e)2MTdf =
—-T

= ’Illm ﬁf f X(tl)X(tz) f e]ZTL'f(tz—t1+T)df dtldtz —

1 T
< Jim o | [ et 66+ — ettty = Jim o | Ree@its = Raa(0
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Appendix Ill: more examples

e x(t) = rectangular pulse starting at t = 0 and random width T,
with p(T) = 1e~*T (Poisson process) tx
e Definitely non-stationary! A "_i
(x)=0; x(t)= Af p(T)AT = Ae Mt > 0 i
t —> ¢
0 T

R, (t,t,) =0Vt <0Ut, <0

R, (ty, ty) = A? j p(T)AT = A%?e "t t = max(ty, t,) Vi, t, =0
t
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